A variety X over a field of characteristic p > 0 has a stratified (regular singular) fundamental group which plays a role similar to the topological fundamental group in the complex Riemann-Hilbert correspondence. This affine group scheme is determined by the (regular singular) stratifications on X. There are few explicit examples of stratifications. For projective or affine curves, we construct examples of stratifications by algebraic and rigid analytic methods. For the "differential Abhyankar conjecture" there is an almost complete answer. The constructions of regular singular stratifications are related to the tame fundamental group and yield some information on this group. 1
Introduction and summary
Stratified bundles and iterative differential modules are analogues in positive characteristic of connections on complex varieties. On an algebraic variety Y over a field C, algebraically closed and of characteristic p > 0, there is a sheaf D Y /C of differential operators. A stratified bundle is a locally free O Y module of finite rank equipped with a compatible left action by D Y /C (see [EGA4] §16). Iterative differential modules were introduced and studied in . This concept turned out to be equivalent to that of a stratified bundle. The study of stratified bundles started with a paper of D. Gieseker inspired by N. Katz ( [Gie] ). This paper was rediscovered by H. Esnault and others. It lead to publications by H. Esnault, V. Metha, L. Kindler, J.P.P. dos Santos, I. Biswas, et al., see for instance [Es, Es-M, Ki, Sa] .
In the complex context, the Riemann-Hilbert correspondence is the relation between representations of the topological fundamental group and connections. For an algebraic variety Y over an algebraically closed field C of characteristic p > 0, there is anétale fundamental group π et 1 (Y ) and a tame fundamental group π tame 1 (Y ). The latter is a canonical quotient of π et 1 (Y ). Both groups are "too small" for describing the stratified bundles on Y . Let Strat(Y ) denote the category of the stratified bundles on Y . This is a neutral Tannakian category and therefore equivalent to the category of the representations of a reduced algebraic group scheme π str (Y, y 0 ), called the stratified fundamental group. This group scheme is an analogue of the algebraic hull π top 1 (Y ) hull of the topological fundamental group in the complex case.
The main goal is to relate properties of Y with the structure of π str (Y, y 0 ). In contrast to the complex case, it is rather difficult to produce stratified bundles. Here we consider a curve (smooth, projective, irreducible) X of genus g over C and a finite S ⊂ X of s ≥ 0 points and Y = X \ S. In almost all cases it seems impossible to determine π str (X \ S). Instead we try to determine the reduced linear algebraic groups which are quotients of π str (X \ S). These groups are the differential Galois groups of stratifications on X \ S.
In §2 one considers for a reduced linear algebraic group G the normal algebraic subgroup p(G) generated by all elements of G with order p m for some m ≥ 0. Let S ⊂ X be a finite, non empty set. The following two questions are almost completely answered: Q1 : Which H with p(H) = {1} are differential Galois groups for X \ S? Q2 : Is G a differential Galois group for X \ S if G/p(G) is? For finite groups G these questions were asked by S. Abhyankar and are answered by M. Raynaud and D. Harbater. Moreover, these questions and answers have analogues in the complex situation [vdP-Si] Theorem 11.21, where the differential Galois groups are described for a curve X \ S over C. In this analogy Stokes matrices corresponds to p-torsion in characteristic p.
The group of components π str (Y, y 0 )/π str (Y, y 0 ) o can be identified with the étale fundamental group π et 1 (Y, y 0 ). In connection with Grothendieck's anabelian conjecture, A. Tamagawa has studied for the case of curves Y = X \S over an algebraically closed field C of characteristic p > 0, theétale and the tame fundamental group. Theorems (0.1),(0.2) [Ta] , imply the following: (a). π str (X \ S) determines the genus g of X and s := #S, except for the cases (g, s) = (0, 0), (0, 1). (b). For g = 0, s ≥ 2 and either C = F p or s ≤ 4 the scheme P 1 C \ S is determined up to isomorphism (not necessarily over C) by π str (P 1 \ S).
We do not expect (b) to extend to curves of genus > 0. Indeed, the explicit description in [Sa] of π str (E) with E of genus 1 shows that the stratified fundamental group only sees that X \ S is a curve E of genus 1, S = ∅ and T p (E) (i.e., {0} or Z p ) and E as abstract groups.
The regular singular stratifications on an affine curve X \ S form also a Tannakian category Strat rs (X \ S) and produce a stratified fundamental group π str,rs (X \ S) which is a quotient of π str (X \ S). The group of the components π str,rs (X \ S)/π str,rs (X \ S) o equals the tame fundamental group π tame 1 (X \ S, x 0 ) and Theorems (0,1),(0,2) of [Ta] yield similar conclusions.
The local theory of regular singularities and local exponents is briefly exposed in §3. The group π str,rs (P 1 \ {0, ∞}) is determined in §3.1. The only method to obtain regular singular stratifications on P 1 \ {0, 1, ∞} that we know of is by reducing "bounded p-adic differential equations". This leads in §3.2 to a set of stratifications of dimension two which may be seen as analogues of the classical hypergeometric differential equations 2 F 1 .
In §3.3, 3.6 it is shown that if the reduced group G is a differential Galois group for a regular singular stratification on X \ S, then G/G o is an image of the tame fundamental group and G o is generated by its maximal tori.
In §4 the uniformization Ω → X of a Mumford curve over a field C = C, complete w.r.t. a non trivial valuation, is used to construct stratifications on X. This is a rigid analytic analogue of the complex Riemann-Hilbert correspondence. This method is also present in [Sa] . One concludes that a reduced linear algebraic group G is a differential Galois group for X if G is topologically generated (for the Zariski topology) by ≤ g elements (see 4.2).
In §5 the field C = C is again complete w.r.t. a non trivial valuation.
Mumford groups Γ ⊂ PGL 2 (C) are introduced. These are analogues of complex triangle groups and Kleinian groups. A representation ρ : Γ → GL n (C) produces a stratification on P 1 C which has singularities at the set of branch points S ⊂ P 1 C of Γ. The singularities are regular singular if and only if Γ is tame, i.e., Γ has no elements of order p. For a tame Mumford group the number of branch points is at least 4. In particular, these groups cannot be used to construct "hypergeometric stratifications". There are a few tame Mumford groups with branch points S = {0, 1, ∞, λ} and 0 < |λ| < 1. Using these one obtains an approximate answer for the inverse problem on P 1 C \ S, the remarkable Theorem 5.5:
Let G be a reduced linear algebraic group G such that G o is generated by its maximal tori. There exists a differential Galois groupG on P 1 C with regular singularities at S such that G is a normal subgroup of finite index inG.
Observations 1.1 The inverse problem depends on the base field.
Consider algebraically closed fields
be the functor obtained by tensoring with C over C 0 . One can show the following (see 5.6):
. In general, an object A ∈ Strat rs (Y ) does not descend to C 0 , i.e., it does not lie in the image of F . However A descends to an extensionC of countable transcendence degree over C 0 .
Thus, for a field C with uncountable transcendence degree (over F p ) the methods of this paper produce many stratifications. However, for the base field C 0 = F p it seems that Strat rs (X 0 \ S) has few objects.
Differential Galois groups for curves
Let C be an algebraically closed field of characteristic p > 0. Let X be a smooth, projective, irreducible curve over C and S ⊂ X a finite subset. The sheaf of differential operators on X \ S is denoted by D X\S . A stratified bundle on X \ S is a left D X\S module which is, as O X\S module, finitely generated and locally free. The category of the stratified bundles on X \ S is denoted by Strat(X \ S). If S = ∅, then a stratified bundle can be represented by a finitely generated, projective module M over O(X \ S) which has a compatible left action by the algebra of differential operators D(X \ S) on X \ S.
Choose a point x 0 ∈ X \ S. Let V ect C denote the category of the finite dimensional vector spaces over C. The functor Strat(X \ S) → V ect C which associates to any object M its fibre at x 0 (i.e., M x 0 /m x 0 M x 0 ), is a fibre functor and makes Strat(X \ S) into a neutral Tannakian category. Let π str (X \ S, x 0 ) denote the affine group scheme of this category. This group scheme is called the stratified fundamental group in [Sa] .
For S = ∅, the objects of Strat(X \ S) have extensions to stratified objects on X with singularities at the points of S. Let Strat rs (X \ S) denote the full subcategory of Strat(X \ S) whose objects are the stratified bundles that can be extended to a stratification on X with regular singularities at S. This is again a neutral Tannakian category and the corresponding group scheme is denoted by π str,rs (X \ S, x 0 ).
A reduced linear algebraic group G over C will be called realizable for (X, S) if there is an iterative differential module on X \ S having G as differential Galois group. Equivalently, G is an image of π str (X \ S, x 0 ). Conversely, π str (X \ S, x 0 ) is the projective limit of all groups which are realizable for (X, S).
For a reduced linear algebraic group G, one denotes by p(G) the subgroup of G generated by the elements in G which have as order a power of p. The group p(G) is an algebraic, characteristic subgroup of G. Let S ⊂ X be a finite, non empty set. The main questions of this section are: Question 1. Suppose that H is a reduced linear algebraic group with p(H) = {1}. When is H realizable for (X, S)? Question 2. Is the reduced group G realizable for (X, S) if this holds for G/p(G)?
Here we continue and supplement §7 of . If a finite group F is realizable for (X, S), then the Picard-Vessiot ring produces anétale covering of X \ S with group F . Conversely, for anétale covering Y → X \ S, the coordinate algebra O(Y ) is stratified bundle on X \ S with differential Galois group F .
The answer to Question 1 for finite groups H is: H is realizable if and only if H is an image of the prime-to-p fundamental group of X \ S. According to Grothendieck's work this is equivalent to H is generated by at most 2g + r elements, where g is the genus of X and r = −1 + #S.
Question 2 has a positive answer for finite groups. This is in fact the main result of D. Harbater's work on the Abhyankar conjecture.
Question 1
Suppose that p(H) = {1}. 
. Then e n = f n e holds for certain elements f n ∈ C * and this implies that the projective system is trivial. Combining this with (i) one finds that r ≥ max(1, s) is necessary.
Suppose now r ≥ max(1, s). We may suppose that coordinate ring
]. The 1-dimensional iterative modules over R, represented by projective systems, are classified by the cokernel of
We adopt from [Sa] the following notation. Let X be a commutative group. Then Diag(X) = Hom(X, C * ) is a commutative algebraic group scheme over C. If X is free and finitely generated, then Diag(X) is a torus.
If X is finitely generated and has no p-torsion, then Diag(X) is a product of a torus and a finite commutative group of order prime to p.
Using this notation, the differential Galois group of M is Diag(X), where X is the subgroup of (Z p /Z) r generated by ξ 1 , . . . , ξ t . This proves the sufficiency of the condition. ✷ (iii). H commutative, H o = {1} and (X, S) where X has genus g ≥ 1 and r = −1 + #S. If r ≤ 0, T p (J(X)) = 0 (with J(X) the Jacobian of X) and C = F p , then H is not realizable.
In 
In this exceptional case H is realizable for (X, S) if and only if #S ≥ 2. Indeed, suppose that #S = 1 and that G m is realizable. Then G m is the differential Galois group of a projective module M over O(X \ S) of rank 1 provided with a left action of the algebra of differential operators. Some tensor power M ⊗n of M is a free rank 1 module since J(X)(C) is a torsion group. The stratifications on a free rank module over
The differential Galois group of M is finite cyclic and = G m . Suppose now #S ≥ 2. Write again R = O(X \ S). The free rank 1 modules with a stratification are again classified by the cokernel of
This group is isomorphic to (Z p /Z) r where r = −1 + #S.
This follows from the observation that R * /C * is a free module of rank r since J(X)(C) is a torsion group. Hence H can be realized. ✷ It is interesting to note that the same conclusions can be found by using the results [Sa] , Theorem 21: The stratified fundamental group of an abelian variety A is a commutative group scheme, equal to the product of a unipotent part, which is the profinite Tate group T p (A), and a semi-simple part Diag(X). Here X is the commutative group A * p , i.e., the projective limit of
is the set of points of the dual abelian variety. Moreover, for any curve X of genus ≥ 1, the abelianized stratified fundamental group for X is equal to the stratified fundamental group of the Jacobi variety J(X) of X.
The morphism X = A * p → A * which maps an element of the projective limit to its coordinate at place 0, induces an exact sequence
This gives the comparison with [Ma-vdP 1] Theorem 7.1, part (1) for S = ∅.
(iv). The case H is not commutative and H o = {1}. For this complicated case we have an approximate answer.
Proposition 2.1 There exists a finite set S ′ ⊂ X containing S such that H is a differential Galois group for a stratified bundle on X with regular singularities in S ′ .
Proof. By [Br, Pl] , the group H is the quotient of someH by a finite subgroup, whereH is a semi-direct product of (the torus)H o and a finite group (of order prime to p). If the proposition holds forH, then, a Tannaka argument shows that it holds for H.
In the sequel of the proof we will suppose that H itself is the semi-direct product of a torus T with character group X and a finite group F of order prime to p. Let τ : F → GL(X) = Aut(T) denote the representation satisfying f tf −1 = τ (f )t for f ∈ F and t ∈ T.
We start by working out the details for an explicit example. After that we sketch a proof for the general case.
An example (X, S) = (P 1 , {0, 1, ∞}), p = 3, H is the semi-direct product of the torus T with character group Z 2 and C 3 . A generator of C 3 is called ρ and it acts on the character group Z 2 by the matrix
. First we construct a field extension K over C(z) on which the group H acts in a natural way. This field will be the Picard-Vessiot of the, to be constructed, stratified bundle. For K we choose C(u)(e 1 , e 2 ), where u 3 = z, ρ(u) = ωu with fixed ω = 1 and ω 3 = 1. The extension C(u) ⊂ C(u)(e 1 , e 2 ) is purely transcendental. The group of automorphisms of K/C(z) that we consider is generated by ρ with ρ(u) = ωu, ρ(e 1 ) = e 2 , ρ(e 2 ) = e −1 1 e −1 2 and, for t = (t 1 , t 2 ) ∈ T = (C * ) 2 , by the automorphism σ t (u) = u, σ t (e 1 ) = t 1 e 1 , σ t (e 2 ) = t 2 e 2 . One sees that this group is indeed the above H. Now we want to define on K suitable higher derivations, extending the canonical higher derivations on C(z). As explained in , this we do by producing a suitable C-
which has the properties:
Property (c) says that the higher derivations on K extend the canonical higher derivations on C(z). Because u 3 = z one has φ(u) = u(1 + z −1 T ) 1/3 . We think of e 1 as the symbolic expression (1 − u)
a 2 with (still to be chosen) a 0 , a 1 , a 2 ∈ Z p with a 0 + a 1 + a 2 = 0. Then e 2 = ρe 1 should "symbolically" be (1 − ωu)
We complete the definition of φ = φ T by sending e 1 to the expression
This means that we define φe 1 by
The formula for φ(e 2 ) is similar. Now φ T is well defined and satisfies (a) and (c). Property (b) is clear for the case that all a 0 , a 1 , a 2 are integers. Since Z is dense in Z p , (c) holds for all a 0 , a 1 , a 2 . By construction (d) holds.
2 is a three dimensional iterative module over C(u). The formulas for
show that the singular points are u ∈ {0, ∞, 1, ω, ω 2 }.
For generic a 0 , a 1 , a 2 with a 0 + a 1 + a 2 = 0 (a sufficient condition is that a 1 , a 2 , 1 are linearly independent over Q) its Picard-Vessiot field is K. Let N be M ρ := {m ∈ M | ρ(m) = m}. This is an iterative module over C(z) of dimension three. It has again K as Picard-Vessiot field and its differential Galois group is H. The singularities are the points u with u = 1, ω, ω 2 , 0, ∞. Over C(z) the singular points are 0, 1, ∞.
The general case. (X, S) and H, a semi-direct product of a torus T and a finite group F with order prime to p are given. We suppose that S is large and special enough such that two things are valid: (a). 2g + r is greater than or equal to the number of generators of F , (b). R := O(X \ S) is such that the rank of R * /C * is greater than or equal to the dimension of the torus T.
The prime-to-p fundamental group of X \ S is, by (a), large enough for the existence of a surjective homomorphism to F . There results a Galois covering (X,S) → (X, S) with group F . The function fields of X andX are called
We interpret e 1 , . . . , e d as a basis of the characters of T and let F act on the multiplicative group e Z 1 · · · e Z d as prescribed. This defines an action of F on K. Further T acts trivially on K 2 and acts on e 1 , . . . e d according to their identification with characters. In this way one obtains an action of H on K. The field K with the group H will be the Picard-Vessiot field of a, to be constructed, iterative module.
The next step is to define a suitable
] which provides K with higher derivations. For this we need enough independent invertible elements f 1 , . . . , f n (modulo C * ) in the ring of regular functions ofX \S. This follows from (b). Then the transcendental elements e i are seen as symbols f
where the a i,j ∈ Z p are chosen such that F acts on the symbols in the same way that F acts on the characters {e i }.
Let the finite, F -invariant set E ⊂ T generate T. Then M = ⊕ e∈E K 2 e is an iterative submodule of K. For a generic choice of the a i,j , its PicardVessiot field is K. The singularities of M are contained inS. Then N = M F = {m ∈ M | ρ(m) = m for all ρ ∈ F }, is an iterative module over K 1 and has the required properties. The last statement of the proposition follows from Observation 2.2. ✷ Observation 2.2 If the differential Galois group G of a stratified bundle on a curve X satisfies p(G) = {1}, then every singular point is regular singular.
Proof. The global differential Galois group G contains the local differential Galois group at a singular point s ∈ X. Indeed, the Picard-Vessiot field for the stratified bundle over C(X) can be embedded into the Picard-Vessiot field of the same bundle but now over C(X) s , the field of fractions of O X,s . According to , the local differential Galois group has a non trivial unipotent part if the singularity is irregular (i.e., not regular singular). Further unipotent elements have order a power of p. ✷
In §3 we will recall the definition and some properties of regular singularities of stratified bundles.
Remarks 2.3 It is possible that the answer to Question 1 for (X, S) depends on the position of the points S. Indeed, in the proof of Proposition 2.1 for the special case (iv), the finite set S ′ has to be chosen such that there are enough invertible functions on X \ S ′ . This involves the position of the points S ′ as can be seen in the following example.
Example. E is an elliptic curve and one considers two distinct points q 1 , q 2 .
. This is equivalent to q 2 = q 1 ⊕ t (addition on E) where t is a torsion element of E.
Corollary 7.10 of [Ma] states that any torus can be realized for (X, S) with any X and S (maybe well chosen) with #S = 2. It seems that the proof supposes that O(X \ S) * = C * . This is equivalent to the existence of a rational function f on X with divisor n[
In general such f will not exist. In that case the divisor class [q 1 ] − [q 2 ] has infinite order and the field C is strictly larger than F p . Therefore the Jacobian variety J(X) has many points over C of infinite order. Then any torus can be realized for (X, ∅).
Question 2
If the reduced linear algebraic group G over C is realizable over (X, S), then, by a Tannakian argument, this also holds for H := G/p(G). Now we suppose that G/p(G) is realizable and try to prove that G is realizable. We start by explaining counterexamples for Question 2, found by A. Maurischat, [R] .
Let G = T⋊Z/pZ, where T is the torus {(t 1 , . . . , t p ) ∈ (C * ) p | t 1 · · · t p = 1} and for a generator ρ of Z/pZ one has ρ(t 1 , . . . , t p )ρ −1 is the cyclic permutation of (t 1 , . . . , t p ). One observes that p(G) = G.
Proof. Suppose that G can be realized. Then G/G o defines a cyclic covering X → P 1 of degree p ramified only above ∞. The equation of X has the form
and we may suppose that the degree of the polynomial f (z) is not divisible by p. According to the Deuring-Shafarevich formula the Jacobian variety J(X) has p-rank zero, see [Sh] . The torus G o = T is realized for (X, {∞}). The assumption C = F p implies that Isom X,S,1 is a torsion group and cannot have T as quotient (see , Theorem 7.1 part (3) or [Sa] , Theorem 21). ✷ Observations 2.5 (1). We recall from §2.1 (or , Thm 7.1 part (3)) that any torus can be realized for (X, S) with genus g and r = −1 + #S, except for the cases: (a). g = 0 and r ≤ 0. The stratified fundamental group is {1}. (b). g > 0, r = −1, T p (J(X)) = 0 and C = F p . The abelianized stratified fundamental group is equal to the stratified fundamental group of the Jacobi variety J(X) and has the form Diag(X) where X is the torsion group J(X)(C) (see [Sa] Theorem 21). This group identifies with theétale fundamental group of J(X). One finds that, for g = 1, the stratified fundamental group identifies with theétale fundamental group. (c). g > 0, r = 0, T p (J(X)) = 0 and C = F p . The 1-dimensional stratified bundles for (X, S) and (X, ∅) coincide and G m cannot be realized. However, by 7.7 part (1), any connected, unipotently generated group can be realized.
(2). The group G of Proposition 2.4 is realizable for (P 1 , {∞}) if C = F p . Indeed, the group of points X := J(X)(C) of the curve X, defined by
, has many elements of infinite order. There is an equivariant (for the action of Z/pZ) injective homomorphism of the character group of the torus T to X. This yields a proper solution of the embedding problem given by the exact sequence 1 → T → G → Z/pZ → 0.
(3). Question 2 is of course an embedding problem (in more than one way).
is realizable for (X, S), the same holds for K/p(K). By Harbater's result K is realizable for (X, S). This leads to an embedding problem for the exact
As in the proof of Proposition 2.1, we may assume that G is a semi-direct product of K and G o . A finite covering (X,S) → (X, S) with group K is given. One has to produce on (X,S) an iterative module M with differential Galois group G o which is equivariant for the action of the automorphism group K on the coveringX → X. This construction is given in , Proposition 8.7 for the case that X has genus zero.
The counterexamples 2.4 show that in general, the solution of the embedding problem in Proposition 8.7 will have a larger set of singular points. The theme has been studied by S. Ernst, [Er] and the main result is: "Every embedding problem over a differential function field with algebraically closed field of constants has a proper solution". Also in this construction the number of singular points of proper solutions may have increased.
(4). The statement , Corollary 7.7, part (3) implies that Question 2 has a positive answer for connected, reduced linear algebraic groups. The proof is however too sketchy. In §9 of the thesis [R] of A. Maurischat (Röscheisen) the theme is revisited and the main result is Theorem 9.12: Let G be a connected, reduced linear algebraic group. Then G can be realized for (X, S) if #S ≥ 2. If T p (X) = 0 or if G is unipotently generated, then G can be realized if #S = 1. A positive answer to Question 2 for connected G follows at once from this.
(5). We note that the proofs of Corollary 7.7, parts (1) and (2) are complete. Part (1) states that any connected, reduced G with G = p(G) is realizable for all (X, S) with S = ∅. Part (2) states that any connected, reduced G can be realized if R = O(X \ S) satisfies R * /C * = {1}. This condition is satisfied if C = F p and #S ≥ 2 because J(X)(C) is a torsion group.
Conclusions.
At present, the results concerning Question 2 and realizability are: (a). Question 2 has a positive answer if G is reduced and connected. (b). Question 2 has a positive answer for a general reduced G if one allows for an increase of the set S of singular points. (c). It seems possible to extend the proof in §9 of [R] and show:
G is realizable for (P 1 , {0, ∞}) if and only if H := G/p(G) is commutative and H/H o is generated by one element. (e). G is realizable for (P 1 , S) for S with r = −1 + #S large enough.
Regular singular stratifications
We start by recalling definitions and some properties of regular singular stratifications for curves. Consider a curve X (smooth, projective, irreducible over C) and a finite subset S ⊂ X. If S = ∅, then any (regular) stratification is also considered to be regular singular. For S = ∅ a regular singular stratification M on X \ S is a (regular) stratification on X \ S such that M extends to a vector bundle M + on X and that for every point s ∈ S there is an affine neighbourhood U of s and a local parameter t at s with the properties t n ∂ (n)
In the local formal case one considers the field C((t)) provided with the higher derivations {∂
A vector space M of finite dimension over C((t)), provided with a stratification, say in the form of operators ∂
Let M be a stratification on X with singularities in a finite set S ⊂ X, extending a (regular) stratification on X \ S. Consider s ∈ S with local parameter t. Let M s be the completion of the stalk of M at s. This is a free finitely generated
is also regular singular. We will show that the converse is also true and note that the examples in , §4.2 and §7, concern stratifications over the field C(X) that do not come from (regular) stratifications on some X \ S. M . It has the property that for any basis e 1 , . . . , e d there is a finite subset
M . Indeed, this follows from the assumption thatM comes from a (regular) stratification on some open subset of X.
M . Any lattice is generated by a basis of the C((t))-vector spaceM ⊗ C(X) C((t)). Since the elements ofM are dense inM ⊗ C(X) C((t)), one may suppose that the lattice is generated by a basis e 1 , . . . , e d ofM . For a small enough affine neighbourhood U of s, the maximal ideal in O(U) of the point s is generated by t and moreover the stratified module N := O(U)e 1 + · · · + O(U)e d has the property that the only singularity is s. Thus for every n there is a smallest integer i(n) ≥ 0 such that
Taking the completion at s (or what is the same, taking the tensor product over O(U) with O X,s ) one finds the same numbers i(n). By assumption i(n) ≤ n and this proves that s is a regular singularity. ✷ Consider, as before, the field C((t)) with the higher derivations {∂ (n) t }. Let α be a p-adic integer. For any integer n ≥ 0, the binomial coefficient α n is also in Z p . Its reduction modulo p to an element in F p is denoted by the same symbol.
For any α ∈ Z p we define the 1-dimensional regular singular stratified C((t))-vector space E(α) = C((t))e by ∂ (n) e = α n t −n e for all n ≥ 0. Further the stratifications E(α) and E(β) are isomorphic if and only if α − β ∈ Z. Any finite dimensional regular singular stratified vector space M over C((t)) is a direct sum E(α 1 ) ⊕ · · · ⊕ E(α d ). The elements α 1 , . . . , α d ∈ Z p are called the local exponents. Their images in Z p /Z are uniquely determined by M. The differential Galois group of M is the group Diag(X) where X is the subgroup of Z p /Z generated by the images of α 1 , . . . , α d .
A Galois (étale) coveringX \S → X \ S produces a stratification on X. This is the finitely generated projective O(X \ S)-module O(X \S) provided with the left action of D(X \ S) which uniquely extends the left action on O(X \ S) itself. A point s ∈ S is regular singular for the stratification if and only if the ramification is "tame" (i.e., the ramification index is prime to p). This is an easy special case of a theorem of L. Kindler [Ki] .
Regular singular stratifications on
The first interesting case is S = {0, ∞}.
Proposition 3.2 (Gieseker)
A regular singular stratification on P 1 \{0, ∞} is a direct sum of 1-dimensional stratifications E(α) with α ∈ Z p . Further E(α) is isomorphic to E(β) if and only if α − β ∈ Z.
The regular singular stratified fundamental group π str,rs (P 1 \ {0, ∞}, x 0 ) is equal to Diag(X) with X = Z p /Z.
Proof. E(α) denotes the free, rank 1, module over O(P 1 \{0, ∞}) = C[z, z −1 ] with generator e α and stratification given by z n ∂ (n) z e α = α n e α for all n ≥ 0.
and the one with t and z interchanged are helpful for stratifications on P 1 \ {0, ∞}. It follows that E(α) is also regular singular at ∞. Proof of the formula: It is a reduction modulo p of z
n which holds over the field of complex numbers. The last formula is derived as follows. For small λ ∈ C one considers the operator φ λ = n≥0 λ n z
and |λ| small enough. Therefore n≥0 λ n z
n . The coefficient of λ k in this identity yields
A stratified bundle on P 1 \ {0, ∞} is given by a free C[z, z −1 ] module M of rank d equipped with an action of all ∂ (n) z , satisfying the usual rules. By assumption M has an extension M as stratified bundle on P 1 with regular singularities. We first show that there is a free M with these properties.
It is convenient to consider the action of all z n ∂ (n) z z e j = α j n e j (for all n and certain elements α j ∈ Z p ). After changing M 0 we may suppose that α j − α k ∈ Z implies that α j = α k . Then, for each invariant submodule N ⊂ M 0 such that M 0 /N has no torsion, there is an invariant submodule K with
t ), chosen with the same additional property as M 0 .
The choice of the two lattices M 0 , M ∞ lead to a unique vector bundle M such that:
(see [vdP-Si] , Lemma 6.16). By construction, the operators z n ∂ (n) act on M.
Our aim is to change the invariant lattice M 0 such that the new vector bundle M is free (i.e., M ∼ = O d ).
Replacing the invariant lattice M 0 by the invariant lattice z a M 0 shifts the k * into k * − a. Thus we may suppose that k 1 ≤ 0. By induction on the rank d, we show that (under the condition k 1 ≤ 0) there exists an invariant lattice M + 0 ⊃ M 0 , such that the corresponding vector bundle M + ⊃ M is free.
If there is only one k 1 ≤ 0, then we may suppose k 1 = 0 and M is a free bundle. In the opposite case, we write W = H 0 (M). All z n ∂ (n) act on this C-vector space and on the subbundle M 1 := O ⊗ C W which is generated by W . Let M 2 := M/M 1 . This is again a vector bundle on which all z n ∂ . It follows that M is a direct sum of line bundles Oe α , where the action of the
This proves the first statement of Proposition 3.2. The remaining statements follow easily. ✷ Remarks 3.3 (1). From 3.2 it follows that any regular singular stratification on P 1 \ S with #S ≤ 1 is trivial. (2). The case #S = 3, i.e., Y = P 1 \ {0, 1, ∞} is rather different. We have only a p-adic method to produce regular singular stratifications on Y . This gives explicit results for the analogue of the classical hypergeometric equations. We will treat this case in §3.2. (3). For #S ≥ 4 a new method for constructing regular singular stratifications, using Mumford groups will be treated in §5. (4). A natural question for a regular singular stratification M on the punctured line P 1 \ {a 0 , . . . , a r } with differential Galois group G is the following. The Picard-Vessiot field for M has an embedding into the local PicardVessiot field at the point a i . This induces an embedding of the local differential Galois group G i into G.
Is G, as reduced linear algebraic group, generated by G 0 , . . . , G r ?.
An approximate answer is:
Let the normal reduced subgroup N of G contains all G i . Then G = N.
Proof. Let {{M}} denote Tannakian category generated by M. This category is equivalent to the one of the representations of G. The latter contains a faithful representation of G/N. Thus there is an object T ∈ {{M}} with group G/N. Then T is regular singular and since G i maps to {1} in G/N, the points a i is not singular. Thus T has no singularities and G = N. ✷ (5). For an elliptic curve E, Theorem 21 of [Sa] gives all information on stratified bundles on E. For E \ S we have at present no complete results on regular stratified bundles. (6). For X of genus ≥ 2, constructions of stratified bundles will be given, using Schottky groups and Mumford curves, in §4.
Hypergeometric stratifications on
there is a unique 1-dimensional regular singular stratification on P 1 \{0, 1, ∞} with local exponents α 0 , α 1 , α ∞ at 0, 1, ∞.
it can be generated by two elements.
The next interesting case concerns the analogue of the classical complex hypergeometric differential equations. A regular singular stratification M on P 1 \ {0, 1, ∞} is called standard hypergeometric if M has rank 2 and the local exponents at 0, 1, ∞ are 0, 1 − γ||0, γ − α − β||α, β and α, β, γ ∈ Z p .
The following result is an improvement of Theorem 8.9.
Theorem 3.5 The p-adic integers α, β, γ are written as standard expansions
2 +· · · . and define similarly β k and γ k .
The second order p-adic hypergeometric differential equation H, i.e.,
If α, β, γ have this property, then the local exponents of H and of its reduction are the same (up to a shift over integers).
Proof. According to the proof of [Ma-vdP 1] Theorem 8.9, H (in matrix form) reduces to a standard hypergeometric stratification if and only if the set of coefficients of the two formal or symbolic solutions
The coefficients of these two standard solutions are
As usual (α) n is the Pochhammer symbol. There is a helpful formula for
For the case a 0 = 0 one can write
. For convenience we suppose that a 0 = 0. One writes α k = a 0 + · · · + a k−1 p k−1 . We want the inequality
for k >> 0 and all n. Replace n−1 p k by x, then we want
to hold for all (real) x. Thus if max(α k , β k ) ≥ γ k for k >> 0 the boundedness of the first set of coefficients holds. The same inequalities for k >> 0 imply the boundedness of the second set of coefficients.
A local calculation at the points 0, 1, ∞ shows that the local exponents remain the same, except for a shift over integers due to a choice of bases. ✷
The computation in the proof of 3.5 is due to Frits Beukers. He claims that the above inequalities describe completely the set of the standard classical hypergeometric equations HG(α, β, γ) over Q p which produce a bounded system (of divided equations)
We note that the reduced matrices have their entries in F p (z) and that the stratification is therefore defined over the base field F p .
The subset T of Z 3 p described in 3.5 is of arithmetic nature and has a positive volume. There are many natural questions: (a). For the generic situation (α, β, γ) ∈ T and α, β, γ algebraically independent over Q, there is no (formal) difference between the p-adic hypergeometric equation and the complex one. Therefore the p-adic equation has differential Galois group GL 2 over some p-adic field. According to §8 of , the corresponding standard stratified hypergeometric equation has again differential Galois group GL 2 , now over the field F p . What are the differential Galois groups for stratifications coming from T ? (b). Is the standard hypergeometric stratification derived from (α, β, γ) ∈ T the only one with local exponents 0, 1 − γ||0, γ − α − β||α, β at 0, 1, ∞? (c) Are there standard hypergeometric stratifications for (α, β, γ) ∈ T ? 3.3 Inverse problem for regular singular stratifications on curves A reduced linear algebraic group G over C will be called tame for (X, S) if X is a curve over C (smooth, projective, irreducible), S ⊂ X finite and there is a regular singular stratification on X \ S with differential Galois group G. Equivalently, G is an image of the regular singular, stratified fundamental group π str,rs (X \ S, x 0 ). Theorem 3.6 Suppose that G is tame for (X, S) . Then G/G o is an image of the tame fundamental group of X \ S and G o is generated by its maximal tori.
Proof. The first statement is obvious. Let (Y, T ) → (X, S) denote the tame covering defined by G/G o . Then G o is tame for (Y, T ). Let H ⊂ G o denote the subgroup generated by the maximal tori of G o . The group G o /H is unipotent since it has no semi-simple elements. If G o /H = {1}, then it has the additive group G a as quotient. Thus G a is tame for Y \ T .
The local differential Galois group for t ∈ T is embedded in the global differential Galois group G a , but it is also a subgroup of G m . Therefore the local differential Galois groups are trivial and the stratification that produces G a is regular on Y itself. However, this is in conflict with the important result of [Sa] , Corollary 16 which states that the maximal unipotent quotient π uni Z of the stratified fundamental group of any complete variety Z is pro-étale. In particular, G a cannot be a quotient of π str (Y, y 0 ).
Then G is topologically finitely generated if and only if G o is generated by its maximal tori.
Stratifications on Mumford curves
In this section the field C is supposed to be complete with respect to a non trivial valuation and, as before, C = C has characteristic p > 0. For a rigid space X over C one defines the rigid sheaf of differential operators D rigid X by copying the definitions in the algebraic case, see [EGA4] §16 and [Gie] . The only new issue is that the sheaf D 
A rigid stratified bundle on X is a locally free O X -module of finite rank on X provided with a compatible left action by D rigid X
. Let Strat rigid (X) denote the Tannaka category of the rigid stratified bundles on X.
It is not difficult to verify the following properties: (a). D rigid X is a quasi coherent O X -module, locally free of countable type. (b). Let X be a smooth algebraic variety over C and let X an denote its analytification. Then D rigid X an is the analytification of the algebraic sheaf D X . (c). If X is a smooth, projective variety, then "analytification" is an equivalence Strat(X) → Strat rigid (X an ) of Tannakian categories. The key point in the proof is the "GAGA" theorem in the rigid context. (d). In general, for a smooth variety X over C, the functor Strat(X) → Strat rigid (X an ) need not be full and need not be surjective on objects. For example, for X = A 1 a non trivial stratified module can become trivial in the rigid sense. Moreover, not every rigid stratification comes from an algebraic one. We note that this is similar to the complex case.
Example 4.1 A non trivial stratification on the unit disk Spm(C z ). This deviation from the complex situation has a consequence for stratifications on a Mumford curve, namely part (2) of Theorem 4.2.
The affinoid algebra of functions on the unit disk is C z and consists of the power series a n z n with lim |a n | = 0. Consider e = m≥0 (1 + c m z
] ⊃ C z and 1/p ≤ |c m | < 1 for all m. We will verify that ∂ (n) e = a n e with all a n ∈ C z . The free module E := C z b is made into a stratification by ∂ (n) b = a n b for all n. A solution is f · b with f = 1 e . One can choose the {c m } such that e is transcendental over C z . Then the stratification E is not trivial and its differential Galois group is G m .
The verification: For fixed n there is an integer k > 0 such that
Thus a n =
and this belongs to C z . ✷ A Schottky group ∆ is a finitely generated discontinuous subgroup of PGL 2 (C) which has no element = 1 of finite order. The subset Ω of P 1 (C) consisting of the ordinary points for ∆ is an open rigid subspace. The quotient X := Ω/∆ is an algebraic curve of a certain genus g ≥ 1. The case g = 1 corresponds to ∆ = q 0 0 1 with 0 < |q| < 1, Ω = P 1 (C) \ {0, ∞} and X is the Tate curve.
For g ≥ 2, the group ∆ is a free, non commutative, group on g generators and X is called a Mumford curve. See [Ge-vdP] for more details.
Let Repr ∆ denote the Tannaka category of the representations of ∆ on finite dimensional C-vector spaces. As before, Strat(X) denotes the Tannaka category of the stratified bundles on X. The interest for the inverse problem is the following theorem, also present in [Sa] . (1), is equivalent to the existence of a surjective morphism of reduced affine group schemes π str (X, x 0 ) → (∆) hull . The latter group scheme is the algebraic hull of ∆ with respect to the field C.
(2). In [Sa] a nice expression for the stratified fundamental group of a Tate curve E is derived from 4.2. (3). For a curve X over C of genus ≥ 1, the Riemann-Hilbert correspondence produces an equivalence between the representations of the topological fundamental group of X and the category of the (regular) connections on X. For a Mumford curve X over C, the rigid fundamental group ∆ of X only captures "half of the expected fundamental group". (4). Let a stratified bundle on X be given. The pull back under Ω → X produces a trivial (i.e., free) rigid bundle with a (rigid) stratification. In general this rigid stratification is not trivial (see 4.1). This explains part (2) of Theorem 4.2 and observation (3).
Proof. We sketch the proof of 4.2. Let ρ : ∆ → GL(V ) be a homomorphism and V is a finite dimensional vector space over C. On Ω we consider the trivial vector bundle Ω × V → Ω. This is provided with the trivial stratification, i.e., the constant sections ω → (ω, v) of Ω ← Ω × V form the solution space of the stratification. Now we define an action of ∆ on Ω × V by δ(ω, v) = (δ(ω), ρ(δ)v) for all δ ∈ ∆. This action commutes with the stratification on Ω × V . Dividing by ∆ yields a rigid vector bundle (Ω × V )/∆ → Ω/∆ = X with a stratification. By GAGA, this rigid stratified bundle is the analytification of a unique algebraic stratification on X. We write RH(ρ) for this stratification on X and note that ρ → RH(ρ) is an analogue of the complex Riemann-Hilbert correspondence.
It is easy to verify that ρ → RH(ρ) defines a functor which respects all constructions of linear algebra, and is fully faithful. Finally, the Tannakian group of the Tannaka category generated by the representation ρ is known to be the Zariski closure of the image of ρ in GL(V ). ✷ . Apply now 4.2 part (3). We note in connection with 3.6 that the second group is generated by its maximal tori but is not a reductive group.
For a generic curve of genus two one can state the following:
Suppose p > 2. C 0 denotes the algebraic closure of the field F p (A 1 , A 2 , A 3 ) where A 1 , A 2 , A 3 are algebraically independent over F p . Let X 0 over C 0 be "generic genus two curve" y 2 = x(x − 1)(x − A 1 )(x − A 2 )(x − A 3 ). Let G be a reduced linear algebraic group, topologically generated by two elements.
There is a stratification on C × C 0 X 0 for some (algebraically closed) field extension C of C 0 , with differential Galois group G.
Indeed, the field C 0 has a valuation such that X = C × C 0 X 0 with C = C 0 is a Mumford curve. Then apply, as above, 4.2 part (3). In general this stratification over C descends to a field which is countably generated over C 0 , but does not descend to C 0 itself.
This example generalizes to a generic curve X 0 /C 0 of any genus g ≥ 1 and a reduced linear algebraic group G topologically generated by ≤ g elements. See also Observations 1.1 and 5.6 part (5).
Mumford groups and stratified bundles
As in §4, C is an algebraically closed field of characteristic p > 0, complete with respect to a non trivial valuation. We recall some definitions and facts from §9 of [Vo-vdP] . A subgroup Γ ⊂ PGL 2 (C) is called a Mumford group if Γ is finitely generated, discontinuous and Ω/Γ ∼ = P 1 . We exclude the cases: Γ is finite and Γ has a subgroup of finite index, isomorphic to Z.
The group Γ contains a normal subgroup ∆ of finite index such that ∆ has no elements = 1 of finite order. Such a ∆ is a Schottky group, free non abelian on g ≥ 2 generators.
The image ω ∈ P 1 of a point ω ∈ Ω with non trivial stabilizer Γ ω ⊂ Γ is called a branch point for Γ. If ω 1 = ω 2 , then Γ ω 1 and Γ ω 2 are conjugated subgroups of Γ. The branch point ω is called tame if the order of Γ ω is prime to p. In the tame case Γ ω is cyclic.
Any representation ρ : Γ → GL(V ) produces, by the method explained in §4, a stratification on P 1 with singularities at the branch points. This stratification is regular singular at a branch point if and only if that point is tame. This is in accordance with [Ki] . We call a Mumford group tame if every branch point is tame.
We fix a tame Mumford group Γ with branch points a 1 , . . . , a r and ramification indices e 1 , . . . , e r and thus (p, e 1 · · · e r ) = 1.
Let Strat(P 1 , e i [a i ]) denote the Tannakian category of the regular singular stratifications on P 1 \ {a 1 , . . . , a r } such that, for each i, the local exponents at a i belong to 1 e i Z/Z. We fix a normal Schottky subgroup ∆ of finite index in Γ. The Galois covering Z := Ω/∆ → P 1 with group Γ/∆ is tamely ramified above a 1 , . . . , a r with ramification indices e 1 , . . . , e r .
Theorem 5.1 (1). The morphism u : Ω → Ω/Γ = P 1 induces a fully faithful functor F :
is in the image of F if and only if the analytification of its pull back on Z is locally (for the rigid topology) a trivial stratification. (3). Let ρ : Γ → GL(V ) be a representation. The differential Galois group of the stratification F (ρ) is the Zariski closure of the image of ρ in GL(V ).
Consider the situation C((z)) ⊂ C((t)) with z = t e and (p, e) = 1. Now G = σ , with σ(t) = ζt and ζ ∈ C a primitive eth root of unity, is the automorphism group of C((t))/C((z)). Let {∂ Comments 5.4 Part (1) of 5.3 can be seen in several ways.
(1). Let br(Γ) denote the number of branch points for Γ. If Γ is irreducible and tame, then there are no elements of order p in Γ and br(Γ) = 3 · #vertices − 2#edges = 2 + #vertices ≥ 4. For a reducible Γ = Γ 1 * Γ 2 one has br(Γ) = br(Γ 1 ) + br(Γ 2 ) ≥ 4. These formulas produce in fact all cases with 4 tame branch points. (2). Let the Mumford group Γ be tamely ramified over S ⊂ P 1 C . A Schottky group ∆ ⊂ Γ (normal and of finite index) produces a Galois covering X → P 1 C which is tamely ramified over S. If S is defined over the algebraic closure of F p in C, then it is well known (see [EGA4] ) that X is also defined over the algebraic closure of F p . It follows that X has good reduction and cannot be a Mumford curve. This implies part (1) of 5.3 for S = {0, 1, ∞}. For part (2) of 5.3 it implies that the 4 branch points can be put in the position {0, 1, ∞, λ} with 0 < |λ| < 1. (3). We will use a realization Γ ⊂ PGL 2 (C) with branch points S := {0, 1, ∞, λ} of the tame amalgam C ℓ * C m with p | ℓm and (ℓ, m) = (2, 2). For any number d there exists a Schottky group ∆, normal and of finite index in Γ, free on at least d generators. ✷ Theorem 5.5 Let S = {0, 1, ∞, λ} ⊂ P 1 and 0 < |λ| < 1. Suppose that the reduced linear algebraic group G over C is topologically finitely generated. There exists a differential Galois groupG for a regular singular stratification on P 1 \ S which has G as normal subgroup of finite index.
Proof. We choose a Schottky group ∆ ⊂ Γ, normal, of finite index and a homomorphism φ : ∆ → G such that its image is Zariski dense. Definẽ G = Γ * ∆ G. Then G = ∆ * ∆ G is a normal subgroup of finite index and in fact, [G : G] = [Γ : ∆]. HenceG can also be seen as a reduced linear algebraic group and moreover the image of Γ inG is Zariski dense. Choose an embeddingG ⊂ GL(V ) with dim C V < ∞. This induces a representation ρ : Γ →G ⊂ GL(V ) of Γ. By Theorem 5.1, F (ρ) is the required regular singular stratification on P 1 \ S. ✷ Observations 5.6 (1). C = F p since the valuation on C is not trivial. Then, by Observation 3.7, a reduced linear algebraic group G is topologically finitely generated if and only if G o is generated by its maximal tori. (2). Let G andG be as in Theorem 5.5 and its proof. Then G is the differential Galois group of a stratification on the tamely ramified Galois cover Ω/∆ → Ω/Γ = P 1 . (3). Let G be any finite group. According to 5.5, G is normal and of finite index in some groupG which is an image of the tame fundamental group of P 1 \ {0, 1, ∞, λ}. This is remarkable since G is arbitrary. In this statement one can replace the "big" field C by the subfield F = F p (λ). Indeed, the covering Z → P 1 C , tamely ramified above S = {0, 1, ∞, λ} is in fact defined over a finitely generated F p (λ)-algebra R. After dividing R by a suitable maximal ideal, one obtains a Galois covering with groupG of the projective line over F tamely ramified over 4 points 0, 1, ∞, λ. Thus we obtained the following corollary of 5.5:
Let F be an algebraically closed field of transcendence degree ≥ 1 over F p and suppose that S ⊂ P 1 F is a set of 4 elements in general position. For any finite group G there is a groupG such that G is normal inG of finite index and such thatG is an image of the tame fundamental group of P 1 F \ S.
(4). A finite image G of C ℓ * C m produces a tame cover of P 1 ramified over 0, 1, λ, ∞, defined over the field F p (λ). Here is an example with p|#G: Let q be a power of the prime p and suppose that ℓ and m divide q − 1. Let a, b ∈ F * q have orders ℓ and m. Let G ⊂ GL 2 (F q ) denote the group generated by the matrices ]/P , where the operators ∂ (n) are acting like (∂ (n) X i,j ) = A n ·(X i,j ) with prescribed matrices A n having entries in C 0 (Y 0 ) and P is a maximal differential ideal. ]/Q where Q is a maximal differential ideal containing the ideal (P ) generated by P . It suffices to show that Q = (P ).
If not, then we consider a finitely generated C 0 -algebra R ⊂ C and the inclusion ψ :
]. For suitable R the prime ideal ψ −1 Q generates Q. Now ψ −1 Q is a differential ideal, strictly larger than the ideal generated by P . After dividing R by a suitable maximal ideal one obtains in C 0 (Y 0 )[{X i,j }, 1 det ] a differential ideal which is strictly larger than P . This contradicts the maximality of P . Statement (3) follows already from the description of the 1-dimensional objects in Strat(X 0 ) and Strat(X) derived from the stratified fundamental groups of their Jacobians in [Sa] , Theorem 21. ✷
